Published by Institute of Physics Publishing for SISSA Received: January 21, 2005 Revised: May 3, 2005 Accepted: May 12, 2005 Published: June 15, 2005

Study of the η-η^′ system in the two mixing angle scheme

Rafel Escribano

Grup de Física Teòrica and IFAE, Universitat Autònoma de Barcelona E-08193 Bellaterra (Barcelona), Spain E-mail: Rafel.Escribano@ifae.es

Jean-Marie Frère

Service de Physique Théorique, CP225 Université Libre de Bruxelles Bld. du Triomphe, 1050 Brussels, Belgium E-mail: frere@ulb.ac.be

Abstract: An analysis of various decay processes is performed using the two mixing angle description of the η-η^′ system, incorporating the link to the gluonic sector through anomalies. The agreement is excellent. For comparison with previous works, our results are expressed both in the “octet-singlet” and in the “quark-flavour” basis. It turns out that at the present experimental accuracy, the two angles are significantly different in the former, but not in the latter basis. The implications of our analysis for the large N_c χPT predictions are also discussed.

Keywords: Electromagnetic Processes and Properties, Phenomenological Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep062005029 /jhep062005029 .pdf

Contents

1. Introduction 1

2. Notation 2

3. Experimental values for the θ_{8,0} and ϕ_{q,s} mixing angles 3

4. V -P electromagnetic form factors in the two mixing angle scheme 5

5. Discussion about the mixing parameters 10

6. Conclusions 12

A. Theoretical expressions in the quark-flavour basis 13

1. Introduction

The phenomenon of mixing in the η-η^′ system has attracted much attention since the advent of SU_f (3) symmetry. Conventionally, one regards η and η^′ as linear combinations of octet and singlet basis states, parametrized by a mixing angle θ_P . A determination of its value can be achieved either diagonalizing a mass matrix, as done in Chiral Perturbation Theory (χPT), or from phenomenology [1]. Several exhaustive analyses surveying many different processes have been performed along the years with values for the mixing angle ranging from −24^∘ to −10^∘ [2]–[10]. In all these previous analyses the dependence with energy of the η-η^′ mixing angle has been neglected. A recent analysis assuming such an energy dependence is also present in the literature [11].

The η-η^′ mixing is strongly connected with the U(1) anomaly of QCD. Recently, it has pointed out that an extension of χPT taking into account the effects of the chiral anomaly through a perturbative expansion leads to a description of the η-η^′ system in terms of two mixing angles [12]. In this framework, the four pseudoscalar decay constants associated to the matrix elements of axial-vector currents are written in terms of two basic decay constants f_8, f_0 and two angles θ_8, θ_0 [13]. Alternative approaches also including the chiral anomaly ab initio but using a more conventional one mixing angle scheme are discussed in refs. [4, 14 – 17]. On the phenomenological side, the idea of using a two mixing angle scheme has been explored in refs. [18, 19].

The aim of this work is to perform an updated phenomenological analysis of various decay processes using the two mixing angle description of the η-η^′ system. The analysis is carried out in the octet-singlet and quark-flavour basis and our theoretical predictions compared with the latest experimental data. The comparison will serve us to check the validity of the two mixing angle scheme and its improvement over the standard one angle picture. The analysis also tests the sensitivity to the mixing angle schemes.

– 1 –

In section 2, we shortly introduce the notation used in the analysis. In section 3, we compute the radiative decays (η, η^′) → γγ and the ratio R_{J/ψ} ≡ Γ(J/ψ → η^′γ/ηγ) in the two mixing angle scheme of both the octet-singlet and quark-flavour basis in order to obtain in each basis the preferred values for the mixing angles involved in the analysis. Section 4 is devoted to the consequences of our approach in the context of the radiative decays of the lowest-lying vector and pseudoscalar mesons, V → P γ and P → V γ, respectively. In section 5, we compare our best results for the mixing parameters with the theoretical expectations of large N_c χPT and previous phenomenological analyses. The implications of our analysis on these large N_c χPT predictions are also discussed. Finally, in section 6, we present our conclusions.

2. Notation

The decay constants of the η-η^′ system in the octet-singlet basis f^a_P (a = 8, 0; P = η, η^′) are defined as^1 ⟨0|A^a_μ |P (p)⟩ = if^a_P p_μ , (2.1) where A^{8,0}_μ are the octet and singlet axial-vector currents whose divergences are

∂^μ A^8_μ = 2 √ 6 (m_uūiγ_5u + m_dd̄iγ_5d − 2m_ss̄iγ_5s) ,

∂^μ A^0_μ = 2 √ 3 (m_uūiγ_5u + m_dd̄iγ_5d + m_ss̄iγ_5s) + 1 √ 3 3α_s 4π G^a_{μν} G̃^{a,μν} , (2.2)

where G^a_{μν} is the gluonic field-strength tensor and G̃^{a,μν} ≡^1_2 ϵ^{μναβ} G^a_{αβ} its dual. The divergence of the matrix elements (2.1) are then written as

⟨0|∂^μ A^a_μ |P ⟩ = f^a_P m^2_P , (2.3)

where m_P is the mass of the pseudoscalar meson.

Each of the two mesons P = η, η^′ has both octet and singlet components, a = 8, 0. Consequently, eq. (2.1) defines four independent decay constants. Following the convention of refs. [12, 13] the decay constants are parameterized in terms of two basic decay constants f_8, f_0 and two angles θ_8, θ_0 � f^8_η f^0_η f^8_η′ f^0_η′ � = � f_8 cos θ_8 −f_0 sin θ_0 f_8 sin θ_8 f_0 cos θ_0 � . (2.4)

This parametrization is the most general involving two independent axial-vector currents and two different physical states.

Neglecting the contribution of the up and down quark masses, as in ref. [14], the matrix elements of the chiral anomaly between the vacuum and (η, η^′) states are ⟨0| 3α_s 4π GG̃|η⟩ = � 3 2 m^2_η (f_8 cos θ_8 − √ 2f_0 sin θ_0) , ⟨0| 3α_s 4π GG̃|η^′⟩ = � 3 2 m^2_η′ (f_8 sin θ_8 + √ 2f_0 cos θ_0) . (2.5)

1The axial-vector currents are defined as A^a_μ = q̄γ μ γ5^{λ a√}_2 q with the normalization convention fπ = √ 2Fπ = 130.7 MeV.

– 2 –

Analogously, in the quark-flavour basis the decay constants are parameterized in terms of f_q, f_s and ϕ_q, ϕ_s: � f^q_η f^s_η f^q_{η′} f^s_η′ � = � f_q cos ϕ_q −f_s sin ϕ_s f_q sin ϕ_q f_s cos ϕ_s � , (2.6)

and the non-strange and strange axial-vector currents are defined as

A^q_μ = 1 √ 2 (ūγ_μ γ_5u + d̄γ_μ γ_5d) = 1 √ 3 (A^8_μ + √ 2A^0_μ ) ,

A^s_μ = s̄γ_μ γ_5s = 1 √ 3 (A^0_μ − √ 2A^8_μ ) . (2.7)

The divergences of these currents are

∂^μ A^q_μ = √ 2(m_uūiγ_5u + m_dd̄iγ_5d) + √ 2 3 3α_s 4π G^a_{μν} G̃^{a,μν} ,

∂^μ A^s_μ = 2m_ss̄iγ_5s + 1 3 3α_s 4π G^a_{μν} G̃^{a,μν} , (2.8)

and therefore the matrix elements of the chiral anomaly in this basis are ⟨0| 3α_s 4π GG̃|η⟩ = 3 √ 2 m^2_η f_q cos ϕ_q , ⟨0|

3α_s 4π GG̃|η^′⟩ = 3 √ 2 m^2_η′ f_q sin ϕ_q . (2.9)

3. Experimental values for the θ_{8,0} and ϕ_{q,s} mixing angles

In order to reach some predictions from our two mixing angle analysis we must first know the values of θ_8 and θ_0 preferred by the experimental data. We will use as constraints^2 the experimental decay widths of (η, η^′) → γγ [1]

Γ(η → γγ) = (0.510 ± 0.026) keV , Γ(η^′ → γγ) = (4.29 ± 0.15) keV . (3.1)

Analogously to the π^0 → γγ case, one assumes that the interpolating fields η and η^′ can be related with the axial-vector currents (see e.g. refs. [14, 15]) in the following way:

η(x) = 1 m^2_η f^0_η′ ∂^μ A^8_μ (x) − f^8_η′ ∂^μ A^0_μ (x) f^0_η′ f^8_η − f^8_η′ f^0_η , η^′(x) = 1 m^2_{η′} f^0_η ∂^μ A^8_μ (x) − f^8_η ∂^μ A^0_μ (x) f^0_η f^8_{η′} − f^8_η f^0_{η′}

. (3.2)

This leads to^3

Γ(η → γγ) = α^2m^3_η 96π^3 � f^0_η′ − 2 √ 2f^8_η′ f^0_{η′} f^8_η − f^8_{η′} f^0_η

�_2 = α^2m^3_η 96π^3 � cθ_0/f_8 − 2 √ 2sθ_8/f_0 cθ_0cθ_8 + sθ_8sθ_0

�_2 ,

Γ(η^′ → γγ) = α^2m^3_η′ 96π^3 � f^0_η − 2 √ 2f^8_η f^0_η f^8_{η′} − f^8_η f^0_{η′}

�_2 = α^2m^3_η′ 96π^3 � sθ_0/f_8 + 2 √ 2cθ_8/f_0 cθ_0cθ_8 + sθ_8sθ_0

�_2 . (3.3)

2We choose such constrains because those decays are well understood in terms of the electromagnetic anomaly (see e.g. ref. [20]).

3Note that if one assumes a one mixing angle scheme (θ8 = θ0 ≡ θ) the standard result is obtained (see e.g. ref. [20]).

– 3 –

Because of the four unknown parameters (θ_8, θ_0, f_8 and f_0) that appear in eq. (3.3), in order to get their allowed values we need two additional constraints (apart from the experimental constraints in eq. (3.1)). On the one hand, we will use the well established prediction of χPT: f_8 = 1.28f_π (f_π = 130.7 MeV) as a theoretical constrain (see variants on this later). On the other hand, we will use the experimental value of the ratio [1]

R_{J/ψ} ≡

Γ(J/ψ → η^′γ) Γ(J/ψ → ηγ)

= 5.0 ± 0.6 . (3.4)

According to ref. [21], the radiative J/ψ → P γ decays are dominated by non-perturbative gluonic matrix elements (see ref. [4] for further comments on the accuracy of this statement):

R_{J/ψ} = � � � ⟨0|GG̃|η^′⟩ ⟨0|GG̃|η⟩ � � � 2 � p_η′ p_η

�_3

, (3.5)

where p_P = M_{J/ψ} (1 − m^2_P /M^2_{J/ψ} )/2 is the three-momentum of the P -meson in the rest frame of the decaying J/ψ (with mass M_{J/ψ} ). Using eq. (2.5) one gets

R_{J/ψ} = � � � � m^2_η′ (f^8_η′ + √ 2f^0_η′ ) m^2_η (f^8_η + √ 2f^0_η ) � � � � 2 � p_η′ p_η

�_3

= � m^2_η′ (f_8 sin θ_8 + √ 2f_0 cos θ_0) m^2_η (f_8 cos θ_8 − √ 2f_0 sin θ_0)

�_2 � p_η′ p_η

�_3 . (3.6)

Comparing the experimental values of Γ(η, η^′ → γγ) and R_{J/ψ} with the theoretical predictions shown in eqs. (3.3) and (3.6), one obtains

θ_8 = (−22.2 ± 1.8)^∘ , θ_0 = (−8.7 ± 2.1)^∘ , f_0 = (1.18 ± 0.04)f_π . (3.7)

Using instead of f_8 = 1.28f_π the prediction of large N_c χPT [22, 23]: f_8 = 1.34f_π [13], we would have found

θ_8 = (−22.9 ± 1.8)^∘ , θ_0 = (−6.9 ± 2.0)^∘ , f_0 = (1.20 ± 0.04)f_π . (3.8)

The previous results are in agreement with the expectations of large N_c χPT [12, 13] and with phenomenological analyses [18, 24, 25] (see also ref. [26] for a comparison of various analyses). Notice that the numerical value of f_0 cannot in principle be determined unambiguously, because it depends on the renormalization scale [27, 28]. However, the scale dependence of the anomalous dimension of the singlet axial-vector current is very weak [12]. Therefore, in our numerical analysis we neglect that dependence and consider f_0 as a constant. The results of eqs. (3.7) and (3.8) constitute the first result of the present analysis. It is worth noting that the θ_8 and θ_0 mixing angle values are different at the 3σ level, while the values of the pseudoscalar decay constant f_0 remain compatible with other results.

– 4 –

In order to check the consistency of these results one can perform the same analysis but fixing θ_8 = θ_0 ≡ θ, i.e. a one mixing angle scheme. Keeping f_8 = 1.28f_π and using η, η^′ → γγ in order to fit f_0 and θ, one gets: θ = (−22.2 ± 1.7)^∘ and f_0 = (1.07 ± 0.04)f_π — or θ = (−22.9 ± 1.7)^∘ and f_0 = (1.06 ± 0.04)f_π if f_8 = 1.34f_π . In these cases, however, the predicted value for R_{J/ψ} ≃ 2.1 (or ≃ 1.7) is incompatible with the experimental result in eq. (3.4). Alternatively, leaving f_8 as a free parameter one gets: θ = (−17.7 ± 1.2)^∘, f_8 = (1.02 ± 0.06)f_π and f_0 = (1.09 ± 0.04)f_π . In this other case, R_{J/ψ} ≃ 3.5 and the value of f_8 is incompatible at the 3σ level with the predictions of χPT and large N_c χPT.

Therefore, a two mixing angle scheme leads to significantly different mixing angles in the octet-singlet basis to describe the radiative η, η^′ → γγ decays and the ratio R_{J/ψ} simultaneously.

In the quark-flavour basis (see the appendix for the corresponding theoretical expressions), a simultaneous fit of η, η^′ → γγ and R_{J/ψ} with f_q = f_π suggests that, at the current experimental precision, ϕ_q ≃ 39.8^∘ and ϕ_s ≃ 38.6^∘. Therefore, in this particular basis only one mixing angle seems needed to describe the data at the current experimental accuracy. If, for the exercise, we force this equality (which is not based in theory), ϕ_q = ϕ_s ≡ ϕ, the result of the fit is

f_q = (1.07 ± 0.03)f_π , f_s = (1.37 ± 0.27)f_π , ϕ = (39.0 ± 1.7)^∘ , (3.9)

which is in agreement with earlier results [18]. The value of the mixing angle ϕ is fixed from the ratio R_{J/ψ} . Keeping however f_q = f_π , as predicted by the OZI-rule, leads to a poor fit with f_s = (1.39 ± 0.26)f_π and ϕ = (39.8 ± 1.5)^∘.

Let us mention at this stage that the fact of describing in terms of one or two angles is in itself not a relevant theoretical consideration, and that the resulting physical description should of course not depend upon the choice of the initial basis. In a general formulation, there are indeed two angles. Furthermore, the choice of the starting point (octet-singlet or magic mixing) is in no way obvious. The relevant symmetry, at least for the η-η^′ part of the present paper, is U(3), and subject to two types of breakings, one via the strong anomaly (inducing the SU(3)-singlet term, which can also be seen as an OZI-rule violation), the other via the strange quark current mass. The effect of both breakings is similar in size in the mass matrix, leading to a mixing structure somewhere between the two basis. The J/ψ decays are of course also clear OZI violations in this framework.

4. V -P electromagnetic form factors in the two mixing angle scheme

In this Section, we want to extend our analysis to the V -P electromagnetic form factors. In particular, we are interested in the couplings of the radiative decays of lowest-lying vector mesons, V → (η, η^′)γ, and of the radiative decays η^′ → V γ, with V = ρ, ω, ϕ. In order to predict such couplings we follow closely the method presented in ref. [4] where the description of the light vector meson decays is based on their relation with the AV V triangle anomaly, A and V being an axial-vector and a vector current respectively. The approach both includes SU_f (3) breaking effects and fixes the vertex couplings g_{V P γ} as explained below.

– 5 –

In that framework, one starts considering the correlation function i � d^4xe^{iq1x}⟨P (q_1 + q_2)|T J^{EM}_μ (x)J^V_ν (0)|0⟩ = ϵ_{μναβ} q^α_1 q^β_2 F_{V P γ} � q^2_1 , q^2 � , (4.1)

where the currents are defined as

J^{EM}_μ = 2 3 ūγ_μ u − 1 3 d̄γ_μ d − 1 3 s̄γ_μ s ,

J^{ρ,ω}_μ = 1 √ 2 (ūγ_μ u ∓ d̄γ_μ d) and J^ϕ_μ = −s̄γ_μ s . (4.2)

The form factors values F_{V P γ} (0, 0) are fixed by the AV V triangle anomaly (one V being an electromagnetic current), and are written in terms of the pseudoscalar decay constants and the ϕ-ω mixing angle θ_V as^4

F_{ρηγ} (0, 0) = √ 3 4π^2 f^0_η′ − √ 2f^8_η′ f^0_{η′} f^8_η − f^8_{η′} f^0_η ,

F_{ρη} ′_γ (0, 0) = √ 3 4π^2 f^0_η − √ 2f^8_η f^0_η f^8_{η′} − f^8_η f^0_{η′} ,

F_{ωηγ} (0, 0) = 1 2 √ 2π^2

(cθ_V − sθ_V / √ 2)f^0_η′ − sθ_V f^8_η′ f^0_{η′} f^8_η − f^8_{η′} f^0_η ,

F_{ωη}′_γ (0, 0) = 1 2 √ 2π^2

(cθ_V − sθ_V / √ 2)f^0_η − sθ_V f^8_η f^0_η f^8_{η′} − f^8_η f^0_{η′} ,

F_{ϕηγ} (0, 0) = − 1 2 √ 2π^2

(sθ_V + cθ_V / √ 2)f^0_η′ + cθ_V f^8_η′ f^0_η′ f^8_η − f^8_η′ f^0_η ,

F_{ϕη} ′_γ (0, 0) = − 1 2 √ 2π^2

(sθ_V + cθ_V / √ 2)f^0_η + cθ_V f^8_η f^0_η f^8_{η′} − f^8_η f^0_{η′}

. (4.4)

Using their analytic properties, we can express these form factors by dispersion relations in the momentum of the vector current, which are then saturated with the lowest-lying resonances: F_{V P γ} (0, 0) = f_V m_V g_{V P γ} + · · · , (4.5)

where the dots stand for higher resonances and multiparticle contributions to the correlation function. In the following we assume vector meson dominance (VMD) and thus neglect these contributions (see ref. [4] for further details).

4The ϕ-ω mixing angle in the octet-singlet basis is defined as

ϕ = cos θ V ω8 − sin θ V ω0 , ω = sin θV ω8 + cos θV ω0 , (4.3)

with ω8 ≡^1√_6 (uū + d d̄ − 2ss̄) and ω 0 ≡^1√_3 (uū + d d̄ + ss̄). Experimentally, the value of the vector mixing angle is measured to be above its ideal value and is θV = (38.7 ± 0.2)^∘ [29]. The value obtained from a quadratic Gell-Mann–Okubo mass formula for vectors mesons is θV = (38.6 ± 0.4)^∘ [1].

– 6 –

V P g_{V P γ} (th.) g_{V P γ} (exp.) ρ η √ 3mρ 4π 2 fρ cθ0/f8 − √ 2sθ8 /f0 cθ0 cθ8 +sθ8sθ0 = (1.48 ± 0.08) GeV

−1 (1.59 ± 0.11) GeV^{−1}

ρ η^′ √ 3mρ 4π 2 fρ sθ0 /f8+ √ 2cθ8/f0 cθ0cθ8 +sθ8 sθ0 = (1.23 ± 0.08) GeV

−1 (1.35 ± 0.06) GeV^{−1}

ω η^{mω}_2√_{2π 2fω}^{(cθV −sθ V /} √ 2)cθ0 /f8−sθ V sθ8 /f0 cθ0 cθ8+sθ8 sθ0 = (0.57 ± 0.04) GeV

−1 (0.46 ± 0.02) GeV^{−1}

ω η^{′ mω}_2√_{2π 2fω}^{(cθV −sθ V /} √ 2)sθ0 /f8+sθV cθ8 /f0 cθ0 cθ8 +sθ8sθ0 = (0.56 ± 0.04) GeV

−1 (0.46 ± 0.03) GeV^{−1}

ϕ η −^{mϕ}_2√_{2π 2 fϕ}^{(sθV +cθV /} √ 2)cθ0 /f8+cθV sθ8 /f0 cθ0 cθ8 +sθ8sθ0 = (−0.76 ± 0.04) GeV

−1 (−0.690 ± 0.008) GeV^{−1}

ϕ η^′ −^{mϕ}_2√_{2π 2 fϕ}^{(sθV +cθV /} √ 2)sθ0 /f8−cθ V cθ8/f0 cθ0 cθ8+sθ8 sθ0 = (0.86 ± 0.05) GeV

−1 (0.71 ± 0.04) GeV^{−1}

Table 1: Theoretical and experimental values of the on-shell V -(η, η^′) electromagnetic vertex couplings in the octet-singlet η-η^′ mixing angle scheme. For g_{V P γ} (th.) we give the experimental errors coming from the decay constants f_{P,V} and the mixing angle values θ_8 and θ_0. We use θ_V = (38.7 ± 0.2)^∘ for the ϕ-ω mixing angle. Experimental values are taken from [1].

The f_V are the leptonic decay constants of the vector mesons, and defined by

⟨0|J^V_μ |V (p, λ)⟩ = m_V f_V ε^{(λ)}_μ (p) , (4.6)

where m_V and λ are the mass and the helicity state of the vector meson. The f_V can be determined from the experimental decay rates [1] via

Γ(V → e^+e^− ) = 4π 3 α^2 f^2_V m_V c^2_V , (4.7)

with c_V = (1/ √ 2, sθ_V / √ 6, cθ_V / √ 6) for V = ρ, ω, ϕ. The experimental values are

f_ρ0 = (221 ± 2) MeV , f_ω = (180 ± 3) MeV , f_ϕ = (239 ± 4) MeV . (4.8)

Finally, we introduce the vertex couplings g_{V P γ} , which are just the on-shell V -P electromagnetic form factors:

⟨P (p_P )|J^{EM}_μ |V (p_V , λ)⟩|_{(pV −p P )}2_{=0} = −g_{V P γ} ϵ_{μναβ} p^ν_P p^α_V ε^β_V (λ) . (4.9)

The decay widths of P → V γ and V → P γ are

Γ(P → V γ) = α 8 g^2_{V P γ} � m^2_P − m^2_V m_P

�_3 , Γ(V → P γ) = α 24 g^2_{V P γ} � m^2_V − m^2_P m_V

�_3

. (4.10)

Eq. (4.5) allows us to identify the g_{V P γ} couplings defined in (4.9) with the form factors F_{V P γ} (0, 0) listed in (4.4). The couplings are expressed in terms of the octet and singlet mixing angles θ_8 and θ_0, the pseudoscalar decay constants f_8 and f_0, the ϕ-ω mixing angle θ_V , and the corresponding vector decay constants f_V . These theoretical expressions are shown in table 1. We also include a numerical prediction for each coupling that

– 7 – should be compared with the experimental values extracted from (4.10) and ref. [1]. In the numerical analysis we have taken into account a value for the vector mixing angle of θ_V = (38.7 ± 0.2)^∘ [29]. Our predictions are obtained from the results in eq. (3.8). The error quoted in table 1 does not reflect the full theoretical uncertainty, but namely propagates the errors from (3.8) and (4.8). The agreement between our theoretical predictions and the experimental values is quite remarkable with exceptions in the ωηγ and ωη^′γ cases. However, these two couplings merit some explanation. On one case, the experimental value for g_{ωηγ} has changed from (0.53 ± 0.05) GeV^{−1} of the PDG’02 [30] to the current (0.46 ± 0.02) GeV^{−1} due to the exclusion of the measurement based on e^+e^− → ηγ by Dolinsky et. al. [29]. On the other case, the g_{ωη}′_γ coupling is rather sensitive to the ϕ-ω mixing angle; for instance setting θ_V to the ideal mixing value of 35.3^∘ reduces the coupling by a 10%. As seen from table 1, the predictions for the decays ϕ → (η, η^′)γ, which are the best measured and are largely independent of θ_V , are in good agreement with data. It is worth noting that the comparison shown in table 1 is performed with f_8 = 1.34f_π . Using instead f_8 = 1.28f_π one obtains similar numbers with the exception of g_{ϕηγ} = (−0.80 ± 0.04) GeV^{−1} and g_{ϕη} ′_γ = (0.91 ± 0.06) GeV^{−1} which are worse fitted. In this sense, the experimental data seem to prefer a value for f_8 higher than the one predicted by standard χPT. Once again, the 2-angle calculation is the relevant one. For completeness however, we have included in the table below same comparison but fixing θ_8 = θ_0 ≡ θ. In this case, the results are very similar for f_8 = 1.28f_π and f_8 = 1.34f_π but in both cases the χ^2/d.o.f. is increased by a factor of 3 as compared to the value in the two mixing angle scheme. In particular, g_{ϕη} ′_γ are fitted to (1.21 ± 0.07) GeV^{−1} and (1.20 ± 0.06) GeV^{−1} respectively, which are in clear contradiction with data.

Table 1 constitutes one of the main results of our work. Our analysis shows that the assumption of saturating the form factors F_{V P γ} by lowest-lying resonances is satisfactory (a conclusion already reached in ref. [4]), and that the η-η^′ system described in the two mixing angle scheme (octet-singlet basis) fits the data much better than the one mixing angle scheme does. To quantify this improvement, we have performed various fits to the full set of experimental data assuming, or not, the two mixing angle scheme of the η-η^′ system. The results are presented in table 2. To check the consistency of our approach we have extended the fit in eq. (3.7) or eq. (3.8) to include all experimental data that account not only for the decay widths (η, η^′) → γγ and the ratio R_{J/ψ} but also the radiative decay widths of V → P γ and P → V γ. The theoretical constraint f_8 = 1.28f_π or 1.34f_π is relaxed in order to test the dependence of the result on the value of this parameter. The experimental constrain θ_V = (38.7 ± 0.2)^∘ is also relaxed to test the stability of the fit.

As seen from table 2, a significant improvement in the χ^2/d.o.f. is achieved when the constrain θ_8 = θ_0 ≡ θ is relaxed (in the most favorable case the χ^2/d.o.f. is reduced by more than a factor of 3), allowing us to show explicitly the improvement of our analysis using the two mixing angle scheme with respect to the one using the one mixing angle scheme. In general, the fits with 1.34f_π are slightly better than those with f_8 = 1.28f_π . To leave f_8 as a free parameter does not make any substantial difference in the one angle case while in the case of two mixing angles the value increases up to f_8 = (1.51 ± 0.05)f_π , in disagreement with the expectations of χPT and large N_c χPT. However, the analysis

– 8 –

Assumptions Results χ^2/d.o.f. Assumptions Results χ^2/d.o.f.

θ_8 and θ_0 free θ_8 = (−22.5 ± 1.3)^∘ 42.3/6 θ_8 = θ_0 ≡ θ θ = (−16.9 ± 1.2)^∘ 81.4/7 f_8 = 1.28f_π θ_0 = (−8.0 ± 1.4)^∘ f_8 = 1.28f_π f_0 = (1.15 ± 0.03)f_π θ_V = (38.7 ± 0.2)^∘ f_0 = (1.21 ± 0.03)f_π θ_V = (38.7 ± 0.2)^∘

θ_8 and θ_0 free θ_8 = (−22.9 ± 1.3)^∘ 31.2/6 θ_8 = θ_0 ≡ θ θ = (−16.7 ± 1.1)^∘ 77.8/7 f_8 = 1.34f_π θ_0 = (−6.6 ± 1.4)^∘ f_8 = 1.34f_π f_0 = (1.16 ± 0.03)f_π θ_V = (38.7 ± 0.2)^∘ f_0 = (1.23 ± 0.03)f_π θ_V = (38.7 ± 0.2)^∘

θ_8 and θ_0 free θ_8 = (−23.8 ± 1.4)^∘ 18.8/5 θ_8 = θ_0 ≡ θ θ = (−16.5 ± 1.2)^∘ 77.4/6 f_8 free θ_0 = (−2.4 ± 1.9)^∘ f_8 free f_8 = (1.37 ± 0.05)f_π θ_V = (38.7 ± 0.2)^∘ f_8 = (1.51 ± 0.05)f_π θ_V = (38.7 ± 0.2)^∘ f_0 = (1.17 ± 0.04)f_π f_0 = (1.29 ± 0.04)f_π

θ_8 and θ_0 free θ_8 = (−24.0 ± 1.6)^∘ 18.6/4 θ_8 = θ_0 ≡ θ θ = (−15.7 ± 1.4)^∘ 76.1/5 f_8 free θ_0 = (−2.5 ± 1.9)^∘ f_8 free f_8 = (1.37 ± 0.05)f_π θ_V free f_8 = (1.51 ± 0.05)f_π θ_V free f_0 = (1.17 ± 0.03)f_π f_0 = (1.29 ± 0.04)f_π θ_V = (36.5 ± 1.8)^∘ θ_V = (39.4 ± 2.2)^∘

Table 2: Results for the η-η^′ mixing angles and decay constants in the octet-singlet basis of the two mixing angle scheme (left) and in the one mixing angle scheme (right). For every fit, the theoretical assumptions taken, the set of numerical results, and the value of the χ^2/d.o.f. are shown in the first, second and third column respectively. The fitted experimental data includes the decay widths of (η, η^′) → γγ, V → P γ, P → V γ, and the ratio R_{J/ψ} .

of the parameter correlation coefficients reveals a strong positive correlation between f_8 and θ_0 (+0.674) — the latter quantity being taken as a negative number in the present convention; in other terms, the correlation to the absolute value of θ_0 is negative. The correlations between f_8 and θ_8 or θ_8 and θ_0 are negative and much weaker (−0.126 and −0.124, respectively). It is also observed that when f_8 is fixed, the remaining correlation coefficients are smaller. This increase is translated into a considerably better fit. Finally, it is seen in table 2 that relaxing the experimental constrain θ_V = (38.7 ± 0.2)^∘ does not produce any effect on the fits.

Up to now, we have shown in the octet-singlet basis the need for a two mixing angle scheme in order to describe experimental data in a better way. In the following, we proceed to perform the same kind of analysis but in the quark-flavour basis. We will see that at the current experimental accuracy, the two angles have compatible values in this case. There is however no strong reason to impose this equality as a constraint. See also above for a discussion of the respective effects of the strange quark mass and anomalies in the mixing.

In table 3 we present the results of various fits taking into account all experimental data available — namely (η, η^′) → γγ, V → P γ, P → V γ, and the ratio R_{J/ψ} — and the corresponding theoretical expressions found in eqs. (A.2)–(A.5) of the Appendix. The theoretical constrain f_q = f_π is relaxed to test the dependence of the result on the value of

– 9 –

Assumptions Results χ^2/d.o.f. Assumptions Results χ^2/d.o.f.

ϕ_q and ϕ_s free ϕ_q = (40.4 ± 1.2)^∘ 34.6/6 ϕ_q = ϕ_s ≡ ϕ ϕ = (40.8 ± 0.9)^∘ 34.9/7 f_q = f_π ϕ_s = (41.3 ± 1.3)^∘ f_q = f_π f_s = (1.66 ± 0.06)f_π ϕ_V = (3.4 ± 0.2)^∘ f_s = (1.66 ± 0.06)f_π ϕ_V = (3.4 ± 0.2)^∘

ϕ_q and ϕ_s free ϕ_q = (39.9 ± 1.3)^∘ 18.8/5 ϕ_q = ϕ_s ≡ ϕ ϕ = (40.6 ± 0.9)^∘ 19.4/6 f_q free ϕ_s = (41.4 ± 1.4)^∘ f_q free f_q = (1.10 ± 0.03)f_π ϕ_V = (3.4 ± 0.2)^∘ f_q = (1.09 ± 0.03)f_π ϕ_V = (3.4 ± 0.2)^∘ f_s = (1.66 ± 0.06)f_π f_s = (1.66 ± 0.06)f_π

ϕ_q and ϕ_s free ϕ_q = (39.8 ± 1.3)^∘ 18.6/4 ϕ_q = ϕ_s ≡ ϕ ϕ = (40.4 ± 1.0)^∘ 19.3/5 f_q free ϕ_s = (41.2 ± 1.5)^∘ f_q free f_q = (1.10 ± 0.03)f_π ϕ_V free f_q = (1.09 ± 0.03)f_π ϕ_V free f_s = (1.66 ± 0.07)f_π f_s = (1.67 ± 0.07)f_π ϕ_V = (4.1 ± 2.2)^∘ ϕ_V = (4.2 ± 2.1)^∘

Table 3: Results for the η-η^′ mixing angles and decay constants in the quark-flavour basis of the two mixing angle scheme (left) and in the one mixing angle scheme (right). The conventions are the same as in table 2.

this parameter and the same happens with the experimental constrain ϕ_V = (3.4 ± 0.2)^∘. As seen from table 3, there is no significant difference at the present experimental accuracy between the χ^2/d.o.f. of the fits when data are described in terms of two mixing angles (in the quark-flavour basis) or if ϕ_q = ϕ_s ≡ ϕ is imposed. It is however important to notice that the fit considerably improves when the parameter f_q is left free. In this case the value obtained f_q = (1.10 ± 0.03)f_π is incompatible with the value in the large N_c limit f_q = f_π .

5. Discussion about the mixing parameters In this Section, we compare our best results for the pseudoscalar decay constants and mixing angles in the octet-singlet and quark-flavour basis with the theoretical expectations of large N_c χPT and previous phenomenological analyses. The value of the mixing parameters extracted from our best fit in the two mixing angle scheme are f_8 = (1.51 ± 0.05)f_π , θ_8 = (−23.8 ± 1.4)^∘ , f_0 = (1.29 ± 0.04)f_π , θ_0 = (−2.4 ± 1.9)^∘ , (5.1)

in the octet-singlet basis, and f_q = (1.09 ± 0.03)f_π , ϕ_q = (39.9 ± 1.3)^∘ , f_s = (1.66 ± 0.06)f_π , ϕ_s = (41.4 ± 1.4)^∘ , (5.2)

in the quark-flavour basis. These values are extracted from a comparison with experimental data only assuming that the pseudoscalar decay constants involved in the corresponding

– 10 – processes follow the parametrization given in eqs. (2.4) and (2.6), respectively. At the present accuracy, our results satisfy the approximate relations existing between the two different sets of mixing parameters^5 [18]:

f_8 = � 1 3 f^2_q + 2 3 f^2_s , θ_8 = ϕ − arctan � √ 2f_s f_q � , f_0 = � 2 3 f^2_q + 1 3 f^2_s , θ_0 = ϕ − arctan � √ 2f_q f_s � . (5.3)

Large N_c χPT predicts [12, 13]:

f^2_8 =

4f^2_K − f^2_π 3 , f^2_0 =

2f^2_K + f^2_π 3 + f^2_π Λ_1 ,

f_8f_0 sin(θ_8 − θ_0) = − 2 √ 2 3 (f^2_K − f^2_π ) , (5.4)

in the octet-singlet basis and

f^2_q = f^2_π + 2 3 f^2_π Λ_1 , f^2_s = 2f^2_K − f^2_π + 1 3 f^2_π Λ_1 ,

f_qf_s sin(ϕ_q − ϕ_s) = √ 2 3 f^2_π Λ_1 , (5.5)

in the quark-flavour basis [26]. These expressions are valid at next-to-leading order in the large N_c χPT expansion where the octet-singlet (and quark-flavour) pseudoscalar decay constants can be written in terms of the known f_π and f_K decay constants and the unknown OZI-rule violating parameter Λ_1. Using the experimental constrain f_K = 1.22f_π , one obtains^6 [12]: f_8 = 1.28f_π , θ_8 = −20.5^∘, f_0 ≃ 1.25, and θ_0 ≃ −4^∘. Our results in eq. (5.1) are quite in agreement with the former values except for the case of f_8. Note however that in ref. [12] the value of f_8 is fixed from theory while in our analysis it is fitted from a direct comparison with experimental data where a positive correlation between f_8 and θ_0 appears. For f_8 = 1.34f_π the results of the fit are in perfect agreement with the predictions from large N_c χPT even though the quality of the fit is slightly reduced.

As seen from table 2, if the constrain f_8 = 1.28f_π is imposed one gets a worse fit. The same kind of comparison can be performed in the quark-flavour basis. From the phenomenological analysis [18] the values f_q = (1.07 ± 0.02)f_π , f_s = (1.34 ± 0.06)f_π and ϕ = (39.3 ± 1.0)^∘ are obtained. In this case, our results in eq. (5.2) fairly agree with the exception of f_s which clearly disagrees. This difference may be due to the fact that the analysis in ref. [18] is based on a different set of experimental data not including for instance the very precise and recent ϕ → (η, η^′)γ decays which are very dependent on f_s (see eq. (A.5)).

5The relations (5.3) are obtained once the non-strange and strange axial-vector currents are written in terms of the octet and singlet ones (see eq. (2.7)) and are valid for ϕ q = ϕ s ≡ ϕ.

6A value of f8 = 1.34fπ is obtained if chiral logs and higher order contributions are also taken into account [13].

– 11 –

Our best results for the mixing parameters in eqs. (5.1) and (5.2) can be used to check the consistency of eqs. (5.4) and (5.5), and therefore to test the reliability on the large N_c χPT framework. Accordingly, our fitted values for f_8 and f_0 together with the third equation in (5.4) can be used to get θ_8 −θ_0 = (−13.7±0.6)^∘ as a prediction for the difference of the two mixing angles in the octet-singlet basis. If one compares this prediction with our result θ_8 − θ_0 = (−21.4 ± 2.4)^∘ a disagreement is again obtained. Using f_8 = 1.34f_π and our fitted value for f_0 one gets θ_8 − θ_0 = (−16.2 ± 0.4)^∘ to compare with our result θ_8 − θ_0 = (−16.3 ± 1.9)^∘ (see table 2). The second equation in (5.4) may be used to get a prediction for the OZI-rule violating parameter Λ_1 once f_0 is provided. Using our value for f_0 one gets Λ_1 = 0.34 ± 0.10. Λ_1 can also be extracted from the set of equations (5.5). From the fitted values for f_{q,s} and ϕ_{q,s} the results Λ_1 = 0.32 ± 0.10, 2.34 ± 0.60 and −0.10 ± 0.13 are obtained using the first, second and third equation in (5.5), respectively. Indeed, the same behaviour is also observed in the phenomenological analysis of ref. [18]. The values obtained for the mixing parameters in this analysis lead to values for Λ_1 that are incompatible with the constrain Λ_1 ≡ 0 imposed in their fit.

The numbers obtained in the former discussion hint at a disagreement with large N_c χPT. Some care should be taken however to qualify this statement. On the one hand, the statistical significance is still limited, but will obviously improve as critical channels are measured more accurately. On the other hand, it is plainly clear that the critical information comes here from radiative decays of vector mesons, where we use vector meson dominance. Questions have been raised as to the consistency of vector resonances and VMD with Chiral Perturbation Theory and short distance QCD cf. e.g. [31]. This latter remark should however be moderated by the fact that our approach was carefully tested in the charged mesons sector (away from the eta mixing problems) [4].

6. Conclusions

In this work we have performed a phenomenological analysis on various decay processes using a two mixing angle scheme for the η-η^′ system. First we have used the radiative decays (η, η^′) → γγ together with the ratio R_{J/ψ} to fit the values of the pseudoscalar decay constants and the mixing angles in both the octet-singlet and the quark-flavour basis. Using the description of vector meson decays in terms of their relation with the AV V triangle anomaly, a theoretical prediction for the g_{V P γ} couplings have been derived. The agreement between our theoretical predictions and the experimental values is very good and can be considered as a consistency check of the whole approach. Second we have extend our analysis to include the V → P γ and P → V γ decays in the fits showing that a two mixing angle description in the octet-singlet basis is definitely required in order to achieve good agreement with experimental data. On the contrary, in the quark-flavour basis and with the present experimental accuracy a one mixing angle description of the processes is still enough to reach agreement. Finally, we have compared our best fitted mixing parameters with the predictions from large N_c χPT showing a possible discrepancy with this framework. Higher accuracy data and more refined theoretical analyses would contribute to clarify the preceding issue.

– 12 –

Acknowledgments

The authors acknowledge valuable discussions with J.M. Gerard and E. Kou. R.E. also acknowledges F. Sánchez for useful discussions. This work is partly supported by the Ramon y Cajal program (R.E.), the Ministerio de Ciencia y Tecnología and FEDER, FPA2002- 00748EU, and the EU, HPRN-CT-2002-00311, EURIDICE network, as well as the IISN (Belgian French community) and the Inter-University Attraction Pole V/27 (Belgian federal science policy office).

A. Theoretical expressions in the quark-flavour basis

In the quark-flavour basis, the interpolating fields η and η^′ are expressed as

η(x) = 1 m^2_η f^s_η′ ∂^μ A^q_μ (x) − f^q_{η′} ∂^μ A^s_μ (x) f^s_{η′} f^q_η − f^q_{η′} f^s_η

, η^′(x) = 1 m^2_{η′} f^s_η ∂^μ A^q_μ (x) − f^q_η ∂^μ A^s_μ (x) f^s_η f^q_{η′} − f^q_η f^s_{η′}

, (A.1)

the (η, η^′) → γγ decay widths as

Γ(η → γγ) = α^2m^3_η 32π^3 � C_qf^s_η′ − C_sf^q_{η′} f^s_{η′} f^q_η − f^q_{η′} f^s_η

�_2 = α^2m^3_η 32π^3 � C_qcϕ_s/f_q − C_ssϕ_q/f_s cϕ_scϕ_q + sϕ_qsϕ_s

�_2 ,

Γ(η^′ → γγ) = α^2m^3_η′ 32π^3 � C_qf^s_η − C_sf^q_η f^s_η f^q_{η′} − f^q_η f^s_{η′}

�_2 = α^2m^3_η′ 32π^3 � C_qsϕ_s/f_q + C_scϕ_q/f_s cϕ_scϕ_q + sϕ_qsϕ_s

�_2

, (A.2)

with C_q = 5/3 and C_s = √ 2/3, and the ratio R_{J/ψ} as

R_{J/ψ} = � � � m^2_η′ f^q_{η′} m^2_η f^q_η � � � 2 � p_η′ p_η

�_3

= tan^2 ϕ_q � m_η′ m_η

�_4 �

p_η′ p_η

�_3 . (A.3)

The form factors F_{V P γ} (0, 0) are written in terms of the pseudoscalar decay constants (f_q, f_s) and the ϕ-ω mixing angle in the quark-flavour basis (ϕ_V = θ_V − arctan^{1√}_2 ):

F_{ρηγ} (0, 0) = 3 4π^2 f^s_η′ f^s_{η′} f^q_η − f^q_{η′} f^s_η

, F_{ρη} ′_γ (0, 0) = 3 4π^2 f^s_η f^s_η f^q_{η′} − f^q_η f^s_{η′} , F_{ωηγ} (0, 0) = 1 4π^2 cϕ_V f^s_η′ − 2sϕ_V f^q_{η′} f^s_{η′} f^q_η − f^q_{η′} f^s_η

, F_{ωη}′_γ (0, 0) = 1 4π^2 cϕ_V f^s_η − 2sϕ_V f^q_η f^s_η f^q_{η′} − f^q_η f^s_{η′} , F_{ϕηγ} (0, 0) = − 1 4π^2 sϕ_V f^s_η′ + 2cϕ_V f^q_{η′} f^s_{η′} f^q_η − f^q_{η′} f^s_η

, F_{ϕη} ′_γ (0, 0) = − 1 4π^2 sϕ_V f^s_η + 2cϕ_V f^q_η f^s_η f^q_{η′} − f^q_η f^s_{η′}

. (A.4)

Finally, the vertex couplings g_{V P γ} in this basis are

g_{ρηγ} =

3m_ρ 4π^2f_ρ cϕ_s/f_q cϕ_scϕ_q + sϕ_qsϕ_s ≃ 3m_ρ 4π^2f_ρ cϕ f_q , g_{ρη} ′_γ =

3m_ρ 4π^2f_ρ sϕ_s/f_q cϕ_scϕ_q + sϕ_qsϕ_s ≃ 3m_ρ 4π^2f_ρ sϕ f_q ,

– 13 – g_{ωηγ} = m_ω 4π^2f_ω cϕ_V cϕ_s/f_q − 2sϕ_V sϕ_q/f_s cϕ_scϕ_q + sϕ_qsϕ_s ≃ m_ω 4π^2f_ω � cϕ_V cϕ f_q

− 2sϕ_V sϕ f_s � , g_{ωη}′_γ = m_ω 4π^2f_ω cϕ_V sϕ_s/f_q + 2sϕ_V cϕ_q/f_s cϕ_scϕ_q + sϕ_qsϕ_s ≃ m_ω 4π^2f_ω � cϕ_V sϕ f_q

+ 2sϕ_V cϕ f_s � , g_{ϕηγ} = − m_ϕ 4π^2f_ϕ sϕ_V cϕ_s/f_q + 2cϕ_V sϕ_q/f_s cϕ_scϕ_q + sϕ_qsϕ_s ≃ − m_ϕ 4π^2f_ϕ � sϕ_V cϕ f_q

+ 2cϕ_V sϕ f_s � , g_{ϕη} ′_γ = − m_ϕ 4π^2f_ϕ sϕ_V sϕ_s/f_q − 2cϕ_V cϕ_q/f_s cϕ_scϕ_q + sϕ_qsϕ_s ≃ − m_ϕ 4π^2f_ϕ � sϕ_V sϕ f_q

− 2cϕ_V cϕ f_s � , (A.5)

where the approximations are valid for ϕ_q = ϕ_s ≡ ϕ.

References

[1] Particle Data Group collaboration, S. Eidelman et al., Review of particle physics, Phys.

Lett. B 592 (2004) 1.

[2] F.J. Gilman and R. Kauffman, The η-η^′ mixing angle, Phys. Rev. D 36 (1987) 2761.

[3] A. Bramon and M. D. Scadron, Pseudoscalar η-η^′ mixing and SU(3) breaking, Phys. Lett. B 234 (1990) 346.

[4] P. Ball, J.M. Frere and M. Tytgat, Phenomenological evidence for the gluon content of η and η^′, Phys. Lett. B 365 (1996) 367 [hep-ph/9508359].

[5] A. Bramon, R. Escribano and M.D. Scadron, Mixing of η-η^′ mesons in j/ψ decays into a vector and a pseudoscalar meson, Phys. Lett. B 403 (1997) 339 [hep-ph/9703313]; The eta eta’ mixing angle revisited, Eur. Phys. J. C 7 (1999) 271 [hep-ph/9711229]; Radiative v p γ transitions and eta eta’ mixing, Phys. Lett. B 503 (2001) 271 [hep-ph/0012049].

[6] E.P. Venugopal and B.R. Holstein, Chiral anomaly and η-η^′ mixing, Phys. Rev. D 57 (1998) 4397 [hep-ph/9710382].

[7] L. Burakovsky and T. Goldman, New mass and mass-mixing angle relations for pseudoscalar mesons, Phys. Lett. B 427 (1998) 361 [hep-ph/9802404].

[8] K. Kawarabayashi and N. Ohta, On the partial conservation of the U(1) current, Prog.

Theor. Phys. 66 (1981) 1789; The problem of eta in the large-N limit: effective lagrangian approach, Nucl. Phys. B 175 (1980) 477.

[9] J. Schechter, A. Subbaraman and H. Weigel, Effective hadron dynamics: from meson masses to the proton spin puzzle, Phys. Rev. D 48 (1993) 339 [hep-ph/9211239].

[10] P. Herrera-Siklody, J.I. Latorre, P. Pascual and J. Taron, eta eta’ mixing from U(3)_L × U(3)_R chiral perturbation theory, Phys. Lett. B 419 (1998) 326 [hep-ph/9710268].

[11] R. Escribano and J.M. Frere, Phenomenological evidence for the energy dependence of the η-η^′ mixing angle, Phys. Lett. B 459 (1999) 288 [hep-ph/9901405].

[12] H. Leutwyler, On the 1/N-expansion in chiral perturbation theory, Nucl. Phys. 64 (Proc.

Suppl.) (1998) 223 [hep-ph/9709408].

[13] R. Kaiser and H. Leutwyler, Pseudoscalar decay constants at large-N_c, hep-ph/9806336.

[14] R. Akhoury and J.M. Frere, η-η^′ mixing and anomalies, Phys. Lett. B 220 (1989) 258.

[15] A.V. Kiselev and V.A. Petrov, Two schemes of η-η^′ mixing, Z. Physik C 58 (1993) 595.

– 14 –

[16] F. De Fazio and M.R. Pennington, Radiative phi meson decays and η-η^′ mixing: a QCD sum rule analysis, JHEP 07 (2000) 051 [hep-ph/0006007].

[17] J.M. Gerard and E. Kou, η-η^′ masses and mixing: a large-N_c reappraisal, hep-ph/0411292. [18] T. Feldmann, P. Kroll and B. Stech, Mixing and decay constants of pseudoscalar mesons, Phys. Rev. D 58 (1998) 114006 [hep-ph/9802409].

[19] M. Benayoun, L. DelBuono and H.B. O’Connell, Vmd, the WZW lagrangian and CHPT: the third mixing angle, Eur. Phys. J. C 17 (2000) 593 [hep-ph/9905350].

[20] J. F. Donoghue, E. Golowich and B. R. Holstein, Dynamics of the standard model, Cambridge Monogr. Part. Phys. Nucl. Phys. Cosmol. 2 (1992) 1.

[21] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, A theory of the j/ψ → η(η^′)γ decays, Nucl. Phys. B 165 (1980) 55.

[22] R. Kaiser and H. Leutwyler, Large-N_c in chiral perturbation theory, Eur. Phys. J. C 17 (2000) 623 [hep-ph/0007101].

[23] P. Herrera-Siklody, J.I. Latorre, P. Pascual and J. Taron, Chiral effective lagrangian in the large-N_c limit: the nonet case, Nucl. Phys. B 497 (1997) 345 [hep-ph/9610549].

[24] T. Feldmann, P. Kroll and B. Stech, Mixing and decay constants of pseudoscalar mesons: the sequel, Phys. Lett. B 449 (1999) 339 [hep-ph/9812269].

[25] M. Benayoun, P. David, L. DelBuono, P. Leruste and H.B. O’Connell, Anomalous η/η^′ decays: the triangle and box anomalies, Eur. Phys. J. C 31 (2003) 525 [nucl-th/0306078].

[26] T. Feldmann, Quark structure of pseudoscalar mesons, Int. J. Mod. Phys. A 15 (2000) 159 [hep-ph/9907491].

[27] D. Espriu and R. Tarrach, Renormalization of the axial anomaly operators, Z. Physik C 16 (1982) 77.

[28] G.M. Shore and G. Veneziano, The U(1) Goldberger-Treiman relation and the proton “spin” — a renormalization group analysis, Nucl. Phys. B 381 (1992) 23.

[29] S.I. Dolinsky et al., Summary of experiments with the neutral detector at the e^+e^− storage ring VEPP-2M, Phys. Rept. 202 (1991) 99.

[30] Particle Data Group collaboration, K. Hagiwara et al., Review of particle physics, Phys.

Rev. D 66 (2002) 010001.

[31] M. Knecht and A. Nyffeler, Resonance estimates of O(p^6) low-energy constants and QCD short-distance constraints, Eur. Phys. J. C 21 (2001) 659 [hep-ph/0106034].

– 15 –